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INTRODUCTION 
Much of the recent research at the NDE Centre at UCL has revolved round the study 
of the scattering of thin skin electromagnetic fields by a fatigue crack. The early work 
concentrated on the perturbations to the surface electric field (ACPD), while the more 
recent work involved the scattered magnetic field (ACFM). The Centre has recently 
become involved in a collaborative project, a part of which involves the detection and 
sizing of pits in mild steels using ACFM and other inspection techniques, and the purpose 
of this paper is to study the complementary problem of pit detection in non-magnetic 
conductors. The case of a hemispherical pit was initially chosen on grounds of simplicity, 
since the modeling work can be done in spherical polar coordinates, whereas the more 
general case of a spherical cap would require the use of bipolar coordinates. As was the 
case with most of the fatigue crack modeling, it was assumed initially that the unperturbed 
magnetic field was uniform. 
THEORETICAL CONSIDERATIONS 
A spherical polar coordinate system (r, 8, <iJ) is defined with the origin at the centre of 
a hemispherical indentation in the surface of a plane block of aluminum, so that the 
hemisphere is defined by {r < 1, nl2 < 8 < It}. The use of the quasi-static approximation 
means that it is possible to derive the magnetic field in free space from a scalar magnetic 
potential 'P. The unperturbed magnetic potential, due to the inducing uniform field, is given 
by 
'P = -x = -r sin 8 cos <iJ. 
The axial symmetry of the inducing field and the hemispherical pit ensure that the 
perturbed potential will also be proportional to cos<iJ such that 
'P(r, 8, <iJ) = 'V(r, 8) cos <iJ. 
The potential can now be described in the standard way as infinite series of spherical 
harmonics 
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'V(r, 9) = -r sin 9 + L a/P!(cos 9), r < 1 
11=1 
'V (r,9)=-r sin 9 + I. b.r-(n+llp!(cos9), r> 1. 
11=1 
The requirement that the vertical magnetic field vanishes over the plane surface of the 
metal ensures that b2n = 0, since only the odd order associated Legendre polynomials 
P~n+ I (cos 9) have stationary points when 9 = 1t/2. 
It is necessary to match the two series for the potential on the upper hemisphere 
(3a) 
(3b) 
{r = 1,0 < 9 < 1tI2} so that the normal and tangential magnetic fields are continuous. This 
requires the continuity of'V(1,9), and d\v(1, 9)!dr on the upper hemisphere, while it is 
essential to satisfy the Born boundary condition d\v(1, 9)!dr = 0 on the surface of the lower 
hemisphere. 
We are left with three infinite systems of equations involving the unknown 
coefficients of the potential, which require to be solved numerically by the method of least 
squares. It was decided to truncate the inner and outer series expansions at order 2N+1, so 
that we obtained the following: 
2N+1 N 
L a.P!(cos9) - L b2n+IP~+I(cos9) = 0, 0 ~ 9 ~ 1t/2 (4a) 
11=1 11=0 
2N+1 N 
L na.P!(cos9)+ L(2n+2)b2n+IP~+I(cos9)=0, 0~9~1t/2 (4b) 
.=) .=0 
and 2N+1 L na.P!(cos 9) = sin 9, 1tI2 < 9 < 1t. (4c) 
11=1 
It was possible to set up an overdetermined set of equations by selecting 2M equally spaced 
values of 9 in the range (O,1t) provided that 3M > 3N + 2. Alternatively it was possible to 
multiply each of the above three main equations by P~(cos 9), 1 ~ m ~ M and by the weight 
factor sin 9 prior to integrating with respect to 9 over the appropriate range, [0,1tI2] or 
[1t/2, 1t]. These integrals have been evaluated by Ashour [1]: 
(I 1 (n +m)! 
Jo P',;'(u)¥,"(u) du = (2n + l)(n _ m)!' n = 1 
f P',;'(u)¥,"(u) du = 0, n +l even, n '" 1 (5) 
(_li' - n - IY2 1.3 ... (/ +m -1) 1.3 ... (n +m) 
(l-n)(/+n+l) 2.4 ... (/-m) 2.4 ... (n-m-l)' f p;:'(u)P;"(u) du / +m even, n +m odd. 
This version of generating the equations avoids the need actually to calculate all the 
associated Legendre functions, as is required by the point matching method, but does give 
similar results. The least squares solution is found by singular value decomposition with the 
aid of NAG subroutine F04JGF and the field values along a traverse at a given lift-off can 
be found by calculating the derivatives of the spherical harmonics analytically and 
summing the series. It was discovered that the convergence of the series close to r = I was 
accelerated by applying Shanks's [2] transformation and that this was particularly so close 
to 9 = 1t/2. The reason for this is that, due to the re-entrant angle of 31t/2 at the rim of the 
hemisphere, one would expect the potential to have a two-thirds power law singularity. 
Actually if one makes a local expansion of the potential close to this singular point in plane 
polar coordinates (p, E» it can be shown, provided that I p sin E> I « 1, that the potential is 
given by 
-
'I'(p,E» = L a.~'3(p)cos(2nE>/3), (6) 
11=1 
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where I2n13(p) denotes the modified Bessel function of order 2n13. 
It would be possible to improve the least-squares solution by taking account of this 
form of the potential close to the point (1,7tl2) and solving for the first few coefficients a", 
but it was felt that, since least squares solutions are always dependent on the choice of 
matching points or weight functions, it might be interesting to try alternative methods. 
It was decided to try to find the solution to the problem by finite difference methods 
and the domain {O ~ r ~ r max> 0 ~ e ~ nl2} ufO ~ r ~ 1, nl2 < e ~ n} was discretized into a 
regular N x M grid. It was found that a suitable value for r max was 4 pit radii, while typical 
values of Nand M were 81 and 145. It was assumed that there was no perturbation of the 
field at r = r max and the standard 5-point finite difference approximation to the Laplacian 
operator was used at general interior points of the grid. The requirement of a vanishing 
normal magnetic field at the surface of the metal required slight modification to the 
standard finite differences formulae, while a second order fit was used to find another 
special formula to take account of the singularity at (1, 7tl2). The solution was found 
iteratively using a point relaxation scheme with an acceleration factor. The model and 
coordinate systems used are shown in Figure 1. 
EXPERIMENTAL DETAILS 
A 8mm diameter hemispherical pit was drilled in the centre of one of the larger faces 
of an aluminum block with approximate dimensions of 200 x 80 x 10 mm. The 
experimental procedure was essentially the same as that described in Michael et al. [3] and 
in greater detail by Lewis [4] in the study of the magnetic field perturbations due to a thin 
crack. The uniform field was produced by two solenoids, wound on perspex formers, 
placed on either side of the aluminum block. A small pick-up coil of diameter Imm and 
length 1.2mm was scanned above the pit to measure the horizontal field component at a 
lift-off of 1.8mm, which corresponded to 0.45 radii. The measurements were taken at a 
frequency of 1.5 MHz., which was much higher than was used in the study of cracks, 
therefore it was necessary to earth the block to eliminate the possibility of capacitive 
coupling. The experimental set-up is represented in Figure 2. 
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Figure 1. Coordinate systems for the hemispherical pit. 
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COMPARISON OF RESULTS 
The results of modeling the horizontal field with the method of least squares and with 
finite differences are compared with the experimental results in Figure 3, together with the 
predicted vertical field perturbations. It should be noted that even at such high frequencies 
that there is a small, but detectable, imaginary component due to the non-zero skin depth in 
the metal. The field perturbations are normalized with respect to the uniform horizontal 
field, which was estimated from measurements taken at an offset of 4 radii, but the fact that 
the perturbations have not been totally extinguished at this distance is indicative of the 
uncertainties in the measurements. There is also a small asymmetry in the measurements 
about the origin. 
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Figure 2. Experimental set-up (from Lewis [1]). 
Although the two modeling methods agree very closely, the do tend to overestimate 
the magnitude of the perturbation, which can be due to several reasons: the lift-off could 
have been underestimated; the field may vary over the dimensions of the pick-up coil and 
there may be interference due to the non-uniformity of the source field. Accurate 
determination of lift-off is always a problem in electromagnetic NDE studies, especially 
when very small coils are being used. Although the dimensions of the coil are indeed finite, 
it was felt that the field variations would be unlikely to account for the discrepancies, since 
the minimum in the field is very broad compared with the length of the coil and the part of 
the coil below the nominal lift-off would more than compensate for the part above it. It was 
therefore decided to examine the effects of the non-uniformity of the field. 
The fields due to the rectangular solenoids could be calculated analytically by 
thinking of the surrounding current sheet as a uniform volume distribution of dipoles, so 
that the potential could be found by integrating over the equivalent monopoles on each of 
the faces of the solenoids. At the high frequency limit it is possible to take account of the 
presence of the plate by introducing image solenoids, but it should be stressed that this 
would correspond to the case of the solenoids resting on the surface of an infinitely large 
plate and does not take any account of the edge effects due to the finite plate size. 
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When the solenoids are positioned symmetrically about the pit it can be shown that 
the potential has the following form 
'P(r,8,<») = I 'l'2n+l(r,8)cos(2n + 1)<» 
" = 0 
(7) 
It was found that it was sufficient to take only 5 terms in this series, provided the solenoids 
were offset much further than 4 radii, the chosen value of rmax' The functions 'l'2n + 1 (rmax> 8) 
were found by standard Fourier analysis and used as fixed boundary values for the finite 
difference solutions. It turned out that the convergence was always faster for the higher 
order terms because the cos(2n + 1)<» factor makes the finite difference scheme more 
diagonally dominant. 
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Figure 3. Comparison of modelled fields and experimental data. L-S and F-D denote the 
predicted fields from least squares and finite difference analyses respectively. 
The original positions of the solenoids are unknown, and it has not yet been possible 
to repeat the measurements, but an attempt has been made to model the effects of having 
the solenoids displaced by ±10 radii from the centre of the pit. It can be seen in Figure 4 
that the unperturbed field in this case is approximately 20 percent higher at the edge of the 
traverse than it is over the pit and that normalising the fields with respect to this value will 
tend to underestimate the signal. It should be stressed that the attempts to model the 
non-uniformity can only provide a qualitative comparison and no account of the edge 
effects can be taken. 
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Figure 4. Unperturbed and total fields, BO & B tot, for excitation by two rectangular 
solenoids. 
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